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ABSTRACT
Let R be a semiprime algebra over a field K acted on by a finite-dimensional
Lie superalgebra L. The purpose of this paper is to prove a series of going-
up results showing how the structure of the subalgebra of invariants RZ is

related to that of R. Combining several of our main results we have:

THEOREM: Let R be a semiprime K-algebra acted on by a finite-
dimensional nilpotent Lie superalgebra L such that if characteristic K = p
then L is restricted and if characteristic K = 0 then L acts on R as alge-
braic derivations and algebraic superderivations.
(i) If RL is right Noetherian, then R is a Noetherian right RE-module.
In particular, R is right Noetherian and is a finitely generated right
RL-module.
(it) If RY is right Artinian, then R is an Artinian right RY-module.
In particular, R is right Artinian and is a finitely generated right
RL-module.
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(iii) If RL is finite-dimensional over K then R is also finite-dimensional

over K.

(iv) If RL has finite Goldie dimension as a right RV-module, then R has
finite Goldie dimension as a right R-module.

(v) I RL has Krull dimension « as a right RE-module, then R has Krull
dimension « as a right RL-module. Thus R has Krull dimension at
most a as a right R-module.

(vi) If R is prime and RL is central, then R satisfies a polynomial iden-
tity.

(vii) If L is a Lie algebra and R is central, then R satisfies a polynomial
identity.

We also provide counterexamples to many questions which arise in view

of the results in this paper.

1. Introduction

Let R be a semiprime algebra over a field K acted on by a finite-dimensional
Lie superalgebra L. The purpose of this paper is to prove a series of going-up
results showing how the structure of the subalgebra of invariants R’ is related
to that of R. All of our Lie superalgebras will be nilpotent and spanned by
derivations and superderivations which are algebraic over K, when viewed as K-
linear transformations of R. Before introducing the definitions and terminology
that will be use throughout this paper, we begin with an example which will
put our results into the proper perspective. The example is based on one by
Bergman-Kharchenko [P, Chapter 6] on group actions. Let S = K[z, y] be the
noncommutative free algebra over K in 2 variables and let R = S5, the 2 x 2
matrices over S. Next, let L be the 3-dimensional solvable Lie algebra of in-

ner derivations of R spanned by the derivations induced by commutation by the

elements e; = (é 8), ey = (g g), and ez = (g g) Note that all the

derivations in L are algebraic as K-linear transformations of R and if characteris-
tic K = p, then L is restricted. The inner derivations induced by e; and ez span
a 2-dimensional abelian ideal I of L and I is also restricted in the characteristic

p case. The subalgebra of invariants R! under the action of I is the commutative

subalgebra consisting of all matrices of the form (g 2), where a € K and

b € S. Furthermore, if a matrix of the form <a

b .
) also commutes with ey,
0 o
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then b = 0. Hence the subalgebra of invariants R’ is isomorphic to the field
K. Clearly RY satisfies many ring theoretic properties such as being Noether-
ian, Artinian, satisfying a polynomial identity, and being finite-dimensional over
K, whereas R has none of these properties. In addition, no proper ideal of R
intersects RL nontrivially. Therefore, even if we assume that R is prime and L is
solvable of relatively small dimension, we cannot hope to prove going-up results
for RL and R.

Let us analyze this example more closely. We say that a derivation d of a
K-algebra R is separable if its minimum polynomial is of the form a,d™ + - --
+d, where a; € K. The invariants of separable derivations have been studied
using the techniques of group-graded rings [BC] and many going-up results hold,
provided that R is semiprime. The results on group-graded rings that we will
need in this paper appear in Proposition 3.1. However, if an algebra with a
separable derivation is not semiprime, then the going-up results in Proposition
3.1 do not hold. This occurs in our example where the derivation d induced by
ey acts on R! such that d satisfies the polynomial d® — d and R! has a nilpotent
ideal of codimension 1. In our example, we can consider R as first being acted on
by the nilpotent derivations in I and then by the separable derivation d which
can be thought of as an element of the quotient Lie algebra L/I. On the other
hand, now suppose we were given a Lie algebra L which can be decomposed in the
opposite way. That is, suppose L contained an ideal I such that I was spanned
by separable derivations and the quotient L/I consisted of nilpotent derivations.
In Theorem 2.3, we show that even if there are no additional hypotheses on an
algebra, various chain conditions can be lifted up from the invariants provided
the action is by nilpotent derivations. Thus in this case, we could prove going-up
results from RE to R!. We could then apply Proposition 3.1 to the action of I
on R to lift the chain conditions from R to R. Although this is not possible in
the solvable case, we will show that it does work in the nilpotent case, even for
the action of Lie superalgebras. This will lead us to our first main result of this

paper:

THEOREM 3.3: Let R be a semiprime K -algebra acted on by a finite-dimensional
nilpotent Lie superalgebra L such that if characteristic K = p then L is restricted
and if characteristic K = 0 then L acts on R as algebraic derivations and algebraic
superderivations.

(i) If RE is right Noetherian, then R is a Noetherian right RL-module. In par-
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ticular, R is right Noetherian and is a finitely generated right RX-module.
(ii) If RY is right Artinian, then R is an Artinian right RL-module. In partic-
ular, R is right Artinian and is a finitely generated right RV -module.
(iii) If R is finite-dimensional over K then R is also finite-dimensional over K.
(iv) If RY has finite Goldie dimension as a right RE-module, then R has finite
Goldie dimension as a right R-module.
(v) If RY has Krull dimension o as a right RY-module, then R has Krull
dimension « as a right R-module. Thus R has Krull dimension at most «
as a right R-module.

We can put Theorem 3.3 and some of the examples in Section 5 into better
perspective by looking at their relationship with some previous results. In [G] and
[GM] semiprime rings R and their invariants R(¥) under the actions of algebraic
derivations d are studied. In [GM] it is shown that R is Goldie if and only if
R@ is Goldie, and in [G] it is shown that R is Artinian if and only if R(® is
Artinian. Theorem 3.3 shows that the going-up portion of results similar to those
in [G] and [GM] can be extended from a single derivation to a finite-dimensional
nilpotent Lie superalgebra. However, in Section 5, we show that the going-down
portion of the results in [G] and [GM] cannot be extended to the action of two
commuting derivations. In particular, in Example 5.2, we give an example where
R is simple Artinian and L is a 2-dimensional abelian Lie algebra, yet R” is
neither Artinian nor Goldie. Theorem 3.3 includes the going-up part of the
Noetherian analog of the results in [G] and {GM]. However, in Example 5.1, we
see that the going-down part does not hold as we provide an example where R
is prime and left Noetherian, but R(¥) is not left Noetherian. In addition, in
Example 5.4, we show that the results in Theorem 3.3 on the finite generation of
R over RE require that RL satisfy some chain condition, even if we assume that
R is prime and L is spanned by a single derivation.

If one makes additional assumptions about the structure of R, one can obtain
results for the actions of more general Lie algebras. For example, it is shown
in [B2], that if R has no nilpotent elements and if L is a finite-dimensional
restricted solvable Lie algebra then R is Goldie if and only if R” is Goldie and R
satisfies a polynomial identity if and only of R’ satisfies a polynomial identity.
Furthermore, it is shown in [B4], that if R is a domain then the above results
hold even without assuming that L is solvable.

Returning briefly to the Bergman-Kharchenko example, we observe that the
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ideal I is an abelian Lie algebra such that the invariants R are commutative,
yet R does not satisfy a polynomial identity. Thus, even in the abelian case, the
property of satisfying a polynomial identity does not lift from the invariants to
all of R. However, if the invariants are central, we obtain one of the two main
results of Section 4:

THEOREM 4.3: Let R be a prime K-algebra acted on by a finite-dimensional
nilpotent Lie superalgebra L such that if characteristic K = p then L is restricted
and if characteristic K = 0 then L acts on R as algebraic derivations and algebraic
superderivations. If RL is central, then R satisfies a polynomial identity.

In Section 4, we also extend Theorem 4.3 to the semiprime case when L is a Lie
algebra. Finally, Section 5 contains counterexamples to several questions which
arise in light of the results in Sections 2, 3, and 4.

We can now introduce the definitions and terminology that we will use through-
out this paper. If R is an algebra over a field K, let Endg(R) denote the K-
linear maps from R to R. If ¢ is a K-linear automorphism of R, let Dy =
{6 € Endg(R): 6(rs) = é(r)s + ré(s) and éo(r) = o6(r), for all r,s € R} and
Dy = {§ € Endg(R): 6(rs) = 6(r)s + o(r)é(s) and da(r) = —ob(r), for all
r,s € R}. If 52 = 1 and characteristic K # 2, then Do @ D is a Lie superalgebra
and the elements of Dy and D; are respectively, derivations and superderivations
of R. The superbracket on Dy © D; is defined as [61,62] = 6162 — (—1)¥ 6264,
where 6; € D;, 62 € Dj and 4,5 € {0,1}. If L = Ly @ L, is a Lie superalge-
bra, we say that L acts on R if there is a homomorphism of Lie superalgebras
¥: L — Do @ Dy, where ¢(L;) C D;, for i = 0,1. When there is no confusion, we
may simply assume that L C Dy @ D;. In particular, we will often identify the
elements of Ly and L; with their images under v and refer to them as derivations
and superderivations. All of our Lie superalgebras will be assumed to be finite-
dimensional over K. However, to study the relationship between R’ and R, we
will need the additional assumption that the derivations and superderivations
from Lo and L, are algebraic over K when viewed as elements of Endg(R). In
the characteristic p case, this is equivalent to assuming that L is restricted and
that ¢ also satisfies ¥(I[P}) = 4(1)P, where [p] is the pth power map and I € L.
Note that when L, # 0, we must assume that the characteristic of K is not
equal to 2. Additional properties of restricted Lie superalgebras can be found
in [B3]. In the characteristic O case, we will need to explicitly state that L acts
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as algebraic derivations and superderivations. There is an interesting difference
between derivations and superderivations in the characteristic 0 case. If R is
semiprime of characteristic 0, then all algebraic derivations of R become inner
when extended to the Martindale quotient ring of R. However, this is not the
case for superderivations, thus the study of the invariants of superderivations
cannot be reduced down to the study of centralizers of subalgebras.

Another way to view the condition that the derivations from Ly and L, are
algebraic is that v induces an associative homomorphism from the universal
enveloping algebra U(L) to Endg (R) and its image is finite-dimensional if and
only if the derivations and superderivations from Ly and L; are algebraic. The
enveloping algebra U(L) is not a Hopf algebra when L is not a Lie algebra.
However, in this case we can view the automorphism o as also acting on U(L) by
acting as the identity on Ly and by negating the elements of L,. Letting G be
the group {1,0}, we can form the skew group ring H = U(L) * G and H is now
a Hopf algebra acting R. This Hopf algebra and the smash product R#H will
be used in Section 4 to extend the results in [BCF] on central rings of invariants
and polynomial identities. For more details on the construction of H, we refer
to [B3] and for more details on R#H and how R is a left R# H-module, we refer
to [BCF). In the restricted case, we can replace U(L) and U(L) * G by u(L) and
u(L) * G, where u(L) is the restricted enveloping algebra of L. In Sections 3 and
4, we will use the fact that both (L) and u(L) * G are finite-dimensional. All
of the results on Lie superalgebras can be specialized to the Lie algebra case by
ignoring the presence of G and ¢ and viewing % as a Lie homomorphism from L
to the K-linear derivations of R. In addition, when L is a Lie algebra, we allow
the characteristic of K to be 2.

When L acts on R, we define the subalgebra of invariants RL to be
{r € R: 6(r) = 0, for all § € ¥(L)}. In particular, if § € Endg (R), we let R(®) de-
note the set {r € R: §(r) = 0}. If I is a Lie superideal of L, then the quotient Lie
superalgebra L/I acts on the subalgebra R! such that RY = (RT)*/I. Depending
upon the context, the symbol [, | may represent either the superbracket map
sending L x L to L or the commutator map [a,b] = ab — ba, where a, b belong to
an associative algebra. Inductively, we let L{1) = L and L{(n+1) = [L{n), L] and
we say that L is nilpotent if there exists a positive integer N such that L(N) = 0.
If A is an associative algebra or a Lie algebra we will let Z(A) denote its center.
Finally, all ideals of associative algebras will be assumed to be two-sided, unless
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it is explicitly stated otherwise.

2. Nilpotent derivations, superderivations, and skew derivations

In this section we discuss the important special case where all the elements of
Lo and L act as nilpotent derivations and superderivations. We also obtain a
result on nilpotent skew derivations which may be of independent interest. All
the arguments used in this section are module-theoretic in nature. Thus the
results we obtain do not require any hypotheses on the structure of either our
algebras R or our Lie superalgebras L, other than L being finite-dimensional. Of
fundamental importance in this section are the following well-known facts about

modules which we state without proof.

LEMMA 2.1: Let ¢: U — V be a homomorphism of right A-modules with kernel
W, where A is a K-algebra.
(i) If V and W are Noetherian right A-modules, then so is U.
(ii) If V and W are Artinian right A-modules, then so is U.
(iii) If V and W are finite-dimensional over K, then dimg U < dimg V +
dimK w.
(iv) If V and W have finite right Goldie dimension over A, then so does U.
(v) If V and W have right Krull dimension, then U has right Krull dimension
and K dim U, < sup(K dim Vu4, K dim Wy).

If § € Endg(R) then 6 is a skew derivation of R if there exists a K-linear
automorphism 7 of R such that 8(rs) = 6(r)s+7(r)é(s), for all7, s € R. Therefore
if a € R®,r € R we have §(ra) = 6(r)a. Hence, 6 is a right R(®-module map.
We use this observation to prove the following result on the invariants of nilpotent

skew derivations:

PROPOSITION 2.2: Suppose 6 is a nilpotent skew derivation of a K-algebra R
and let R©® = {r € R: §(r) = 0}.

(i) If R®) is right Noetherian, then R is a Noetherian right R‘®)-module. In
particular, R is right Noetherian and is a finitely generated right R(®)-
module.

(ii) If R©) is right Artinian, then R is an Artinian right R®)-module. In
particular, R is right Artinian and is a finitely generated right R(®)-module.

(iii) If R©® is m-dimensional over K then R has dimension at most mn, where
§"(R) =0.
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(iv) If R'® has finite Goldie dimension as a right R(®)-module, then R has finite
Goldie dimension as a right R(®)-module.

(v) If A is a subring of R(®) such that R®) has Krull dimension o as a right
A-module, then R has Krull dimension « as a right A-module.

Proof: If §"(R) =0, let R; = {r € R: §'(r) = 0} for i < n. Then R = R,
R®) = R,, and we have the sequence of right R®)-modules

R=R, R, 1— +— Ry — R, =R,

For2 < i < n,wehave §(R;) C R;_; and R® is the kernel at every stage of the
sequence. Most of (i)-(v) follows by applying n—1 times the corresponding parts
of Lemma 2.1 to the sequence of R(®)-modules starting with R and finishing
with R. There are a few remaining details needed to complete the proofs of (i),
(ii), and (v). For (i), since R is Noetherian as a right R®)-module, it must be
finitely generated and R must be a right Noetherian ring. For (i), R(®) is a right
Artinian ring with unit, hence is a right Noetherian ring. Thus by applying (i),
R is finitely generated over the right Artinian ring R®) hence R is an Artinian
R®)-module and must be a right Artinian ring. For (v), repeated use of Lemma
2.1(v) yields Kdim R4 < Kdim R“?. However, since R®) C R, we have
Kdim Ry = Kdim RY). &

In [Ka, Theorem 11] , it is shown that if an associative algebra A contains a Lie
subset S of nilpotent elements such that S spans a finite-dimensional subspace
of A, then S is associative-nilpotent. The argument, which is due to Jacobson,
can be adapted in a straightforward way to handle the case where S is no longer
a Lie subset of A, but does have the property that for any a,b € S there exists
a scalar & = a{a,b) € K such that ab— aba € S.

If L is a Lie superalgebra of nilpotent derivations and superderivations of a
K-algebra R, we can apply the above to our situation by letting A = Endg(R)
and S = ¥(Lo) U¥(Ly). Thus even if L is not nilpotent, ¥(Lg) U ¢(L1) is an
associative-nilpotent subset of Endg (R). Therefore (L) is certainly nilpotent as
a Lie superalgebra. As aresult, in the following theorem we do not need to assume
that L is nilpotent, since its image in Endg (R) is a nilpotent superalgebra.

THEOREM 2.3: Let R be a K-algebra acted on by a finite-dimensional Lie
superalgebra L of nilpotent derivations and superderivations and let R = {r €
R: 6(r) =0, for all § € ¥(L)}.
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(i) If R is right Noetherian, then R is a Noetherian right RE-module. In par-
ticular, R is right Noetherian and is a finitely generated right RY-module.
(ii) If RL is right Artinian, then R is an Artinian right RE-module. In partic-
ular, R is right Artinian and is a finitely generated right RY-module.
(iii) If R is finite-dimensional over K then R is also finite dimensional over K.
(iv) If RY has finite Goldie dimension as a right RV-module, then R has finite
Goldie dimension as a right R-module.
(v) If A is a subring of RY such that RY has Krull dimension o as a right

A-module, then R has Krull dimension « as a right A-module.

Proof: 'We proceed by induction on dimg L. If dimg L = 1, then we are done by
Proposition 2.2. We may now assume that the result is true for all superalgebras
whose dimension is less than dimg L. We can consider (L) to be acting on
R, thus if ¢ is not injective then dimg (L) < dimg L and we are done by the
induction hypothesis. Therefore we may assume that L and (L) are isomorphic.
However, by the argument above, (L) is nilpotent, thus we may assume that L
is nilpotent.

Since L is nilpotent with dimg (L) > 1, L contains a proper superideal [ # 0.
The quotient superalgebra L/I acts on R! with RL = (RT)L/T. Since dimg I <
dimg (L) and dimg L/I < dimg (L), we will make frequent use of the induction
hypothesis.

For (i), R! is a Noetherian right R‘-module finitely generated by a set
{a1,...,as} and R is a Noetherian module over the right Noetherian ring R?,
generated over R by a set {b1,...,b:}. Therefore R is generated over the right
Noetherian ring RL by the finite set {b;a;}i<:, j<s- Hence R is a Noetherian
right RY-module and so, R must be a right Noetherian ring. For (ii), since RL
is a right Artinian ring with unit, it is a right Noetherian ring. Therefore, by (i),
R is finitely generated over RL. However, a finitely generated module over an
Artinian ring is Artinian, thus R is an Artinian right RY-module and is therefore
certainly a right Artinian ring. For (iii), the finite-dimensionality of RZ over
K along with the induction hypothesis immediately implies that R’ is finite-
dimensional over K. The same argument applied to I acting on R shows that R
is also finite-dimensional over K. Part (iv) follows easily by using the induction
hypothesis to go up from RL to R and then from R’ to R.

Since L is nilpotent, the superideal I can be chosen such that I is one-
dimensional, is spanned by a homogeneous element §, and [/, L] = 0. For (v), we
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first apply the induction hypothesis to obtain K dim R 4 = K dim RL 4. Next,
we can use Proposition 2.2(v) to conclude that KdimR4 = KdimR!4. As a
result, it follows that K dim R4 = K dim RL 4. [ |

We conclude this section with an observation which will be used in Sections 3
and 4. If § is a nilpotent skew derivation of R and if T # 0 is a §-stable subspace
of R, then T N R®) £ 0. By applying induction to dimg L, as in the proof of
Theorem 2.3, it follows that

PROPOSITION 2.4: Let R be a K-algebra acted on by a finite-dimensional Lie

superalgebra L of nilpotent derivations and superderivations and let T # 0 be
an L-stable subspace of R. Then T N R # 0.

3. The general case

In order to prove the main result of this section, we need to combine the results
of the previous section with some known results on group-graded rings having
finite support. Most of the facts we need on group-graded rings appear in [CR]
and can be summarized as

PROPOSITION 3.1: Let S be a semiprime algebra graded by a group G with finite
support and let Sy denote the identity component.
(i) If Sy is right Noetherian, then S is a Noetherian right Si-module. In
particular, S is right Noetherian and is a finitely generated right S;-module.
(ii) If S, is right Artinian, then S is an Artinian right S1-module. In particular,
S is right Artinian and is a finitely generated right S,-module.
(iii) If Sy has finite Goldie dimension as a right S1-module, then S has finite
Goldie dimension as a right S;-module.
(iv) If A is a subring of Sy such that S; has Krull dimension o as a right
A-module, then S has Krull dimension « as a right A-module.

Proof: By [CR, Proposition 1.2], S; is semiprime. Then part (i) follows from
[CR, Corollary 1.8] and part (ii) follows from [CR, Theorem 1.4]. Part (iii) follows
from [CR, Proposition 1.5]. For part (iv), since S is semiprime and has Krull
dimension at most a as a right S;-module, it follows that Sy is right Goldie.
Then, by [CR, Theorem 1.7], S is contained as a right Si-module in a finite
direct sum of copies of S;. Therefore, S and S; have the same Krull dimension
as right A-modules. |
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In order to apply the results on group-graded rings, we will need to extend
the ground field K. Suppose A C B are K-algebras and let K’ be a finite-
dimensional field extension of K. If A is Noetherian, Artinian, of finite Goldie
dimension, or of Krull dimension « as a right A-module, then the same holds for
A Qg K’ as a right A @ K'-module [MR, Chapter 10]. Similarly, if B ®x K’
is finitely generated, of finite Goldie rank, or of Krull dimension at most a as
a right A ® ¢ K'-module, then the same holds for B as a right A-module. As
a result, to prove various results on the structure of B as a right A-module we
may, if needed, extend the ground field K. '

For the remainder of this section, we will assume that L is nilpotent. We
now prove a technical lemma which shows how the nilpotence of L allows us to
combine the results from Theorem 2.3 with those from Proposition 3.1.

LEMMA 3.2: Let L be a finite-dimensional nilpotent Lie superalgebra acting on
a K-algebra R such that if characteristic K = p then L is restricted and if
characteristic K = 0 then L acts on R as algebraic derivations and algebraic
superderivations. Then there exists a finite-dimensional separable field extension
K' D K such that L' = L @k K' acts on R' = R @k K’ and R’ contains an
L’-stable subalgebra B such that
(i) (R)Y' CBCR.
(ii) B is the identity component of R’ under the grading of R’ by a group G
with finite support.
(iit) The restriction of the action of L' to B is as nilpotent derivations and
superderivations.

(iv) If R is semiprime then R’ is semiprime.

Proof: We must consider the characteristic p and characteristic 0 cases sepa-
rately. If L is restricted in characteristic p, for any n > 0, let Z,) denote the K-
linear span of the set {zP"): 2 € Lo and [z, L] = 0}. By the finite-dimensionality
of Lo, there exists an N > 0 such that Z(ny = Z(n41). Letting I = Z(ny, we
observe that I is an abelian restricted ideal of L contained in Ly. Furthermore,
by the choice of N, if {z1,...,2,} is a basis of I, then {z;/7,..., z,[P1} is also a
basis of I. Therefore by Hochschild’s theorem on the semisimplicity of restricted
enveloping algebras {H], the restricted enveloping algebra u(I) is semisimple.

In [BC] the actions of commutative semisimple Hopf algebras are studied. It
is shown that if H is a finite-dimensional commutative semisimple Hopf algebra
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acting on a K-algebra R, then there exists a finite-dimensional separable field
extension K’ of K such that H @ x K’ = (K'G)*, the dual of a group algebra of
a finite group G, and R®g K’ is graded by G with identity component R¥ @ K.

Let R = R K', L' = L@y K',and I' = I ¢ K’'. The K-linear action
of L on R extends to a K’-linear action of L’ on R’ with (R')Y' = Rl @k K'.
By the construction of I, the restriction of the derivations and superderivations
of L to R are nilpotent K-linear transformations, hence the derivations and
superderivations of L’ are nilpotent K'-linear transformations when restricted to
R!'®xk K'. We now have the following chain of K’-algebras, (R/ )L’ CRIQgK' C
R’ where R ® K’ is the identity component of R’ under the grading of a finite
group and the action of L’ restricted to Rf ®x K’ is as nilpotent derivations and
superderivations. Finally, it is shown in [BC, Lemma 3], that if K’ is separable
over K and if R is semiprime, then R’ is also semiprime.

In the characteristic 0 case, we again want to find a finite-dimensional field
extension K’ D K which allows us to decompose R’ = R ®x K’ as we did in
characteristic p. Since L = Lo@® L, is a nilpotent Lie superalgebra, Ly is certainly
a nilpotent Lie algebra. Now let A = {r € R: d"*(r) = 0, for all d € Ly where
n = n(r,d) > 1}; since Lo is nilpotent, it follows from [B1, Lemma 1.6] that
A is an Lg-stable K-subalgebra of R on which Ly acts as nilpotent derivations.
However, the argument used in the proof of [B1, Lemma 1.6] can be easily adapted
to show that A is also L-stable where L acts on A as nilpotent derivations and
superderivations.

If {z1,...,%} is a K-basis of Lo, let K’ be a finite-dimensional field extension
of K which contains the eigenvalues of the action of each z; on R. Then, since Lg
is nilpotent, R’ = R®k K’ is graded with finite support by the set G of K’-linear
maps from Lo ® ¢ K’ to K'. We note that the identity component of R’ under
this grading is the set B = {r € R': d"(r) = 0, for all d € Ly ®x K’ where
n = n(r,d) > 1}. L’ acts on B as nilpotent derivations and superderivations
and, since Ly is nilpotent, B is equal to the set A ®x K'.

Therefore we have a chain of K’-algebras RL ®x K' = (R')Y' C BC R asin
the characteristic p case. Furthermore, since all extensions in characteristic 0 are
separable, then R’ is semiprime if R is. ]

We are now in & position to prove the main result of this section.

THEOREM 3.3: Let R be a semiprime K -algebra acted on by a finite-dimensional
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nilpotent Lie superalgebra L such that if characteristic K = p then L s restricted
and if characteristic K = 0 then L acts on R as algebraic derivations and algebraic
superderivations.
(i) If RT is right Noetherian, then R is a Noetherian right R“-module. In par-
ticular, R is right Noetherian and is a finitely generated right RL-module.
(ii) If R is right Artinian, then R is an Artinian right RL-module. In partic-
ular, R is right Artinian and is a finitely generated right RL-module.
(iii) If RY is finite-dimensional over K then R is also finite-dimensional over K.
(iv) If RY has finite Goldie dimension as a right RL-module, then R has finite
Goldie dimension as a right R-module.
(v) If RY has Krull dimension o as a right RL-module, then R has Krull
dimension a as a right RL-module. Thus R has Krull dimension at most a
as a right R-module.

Proof: Let K’ be a separable extension of K as in Lemma 3.2; therefore we
have the chain RL @k K’ = (R')Y' € BC R' = R®k K'. If R is Noetherian or
Artinian as a right RX-module, then so is (R')L as a right (R')Y'-module. Since
the action of L' on B is as nilpotent derivations and nilpotent superderivations,
then by Theorem 2.3 (i) and (ii), B is finitely generated as a right (R’)L"-module.
However, by Proposition 3.1 (i) and (ii), R’ is finitely generated as a right B-
module, thus R’ is a finitely generated right (R')L'-module. As a result, R
is finitely generated as a right RF-module. Parts (i) and (ii) now follow as
finitely generated modules over Noetherian or Artinian rings are Noetherian or
Artinian. For part (iii), if R” is finite-dimensional over K then it is a right
Artinian ring. Hence R is finitely generated over RL and therefore must also be
finite-dimensional over K.

If RL has finite Goldie dimension as a right RE-module then the same holds
for (R")L" as a right (R')Y'-module and therefore, by Theorem 2.3 (iv), the same
also holds for B as a right B-module. Thus, by Proposition 3.1 (iii), R’ has
finite Goldie dimension as a right R’-module and therefore the same is true for
R as a right R-module, thereby proving part (iv). (R')X is a finite direct sum of
copies of RY as a right RV-module, thus if RL has Krull dimension a as a right
RE-module then so does (R')Y". By Theorem 2.3(v), B also has Krull dimension
o as a right RL-module. Thus, by Proposition 3.1(iv), R’ has Krull dimension
as a right RE-module. Since RE C RC R , it is clear that R has Krull dimension
a as a right RL-module and has Krull dimension at most « as a right R-module.
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We conclude this section by extending [B1, Theorem 1.8] on the existence of
invariants of the action of Lie algebras to Lie superalgebras.

THEOREM 3.4: Let R be a K-algebra acted on by a finite-dimensional nilpo-
tent Lie superalgebra L such that if characteristic K = p then L is restricted
and if characteristic K = 0 then L acts on R as algebraic derivations and al-
gebraic superderivations. If A is a non-nilpotent L-stable subalgebra of R then
ANRL #£0.

Proof: As in Lemma 3.2, we extend the ground field and let R’ = R ®x K’,
L'=Leg K', A = AQg K’, and we also let B be as in Lemma 3.2. Since A is
L-stable, A’ is a graded subspace of the graded algebra R’ = R ®k K'. By [CR,
Proposition 1.2}, since A’ is now non-nilpotent and graded, A’ N B # 0. Since
A’ N B is a non-zero L-stable subspace of B it follows, by Proposition 2.4, that
A'N R # 0. However, A’ "R = (AN RL) @k K', thereby proving the result.
|

4. Central rings of invariants and polynomial identities

In this section we prove some further going-up theorems from RL to R, however
the techniques used will be somewhat different from those in Sections 2 and 3.
In [BCF, Theorem 2.8], it is shown that if R is prime and if L is a nilpotent
Lie algebra acting on R in a certain “finite” manner where R’ is central, then
R satisfies a polynomial identity. We will extend this result in two ways: (i) for
prime rings we extend the result from the action of Lie algebras to the action
of Lie superalgebras and (ii) for the action of Lie algebras we extend the result
from prime rings to semiprime rings. At this point, we must be more precise as
to the meaning of L acting on R in a “finite” manner.

Suppose L is a finite-dimensional Lie superalgebra acting on R such that if
characteristic K = p then L is restricted and if characteristic K = 0 then L acts
on R as algebraic derivations and algebraic superderivations. Then it is clear
that the image of the universal enveloping algebra U(L) in Endg(R) is finite-
dimensional. Furthermore, if L is a Lie superalgebra but not a Lie algebra, then
there exists a group G of order 2 such that the skew group ring U(L)* G is a
Hopf algebra which acts on R and the image of U(L)*G is also finite-dimensional
in Endg (R). To unify the two cases, if L is a Lie algebra then we let H = U(L)
and if L is a Lie superalgebra with L; # 0, we let H = U(L) * G. Then we
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say that H acts finitely of dimension N if the image of H in Endg(R) has
dimension N. In the restricted case let u(L) be the restricted enveloping algebra
of L; then N is bounded by dimg u(L) when L is a Lie algebra and N is bounded
by 2 - dimg u(L) when L is a Lie superalgebra with L; # 0.

LEMMA 4.1: Let R be a semiprime algebra on which H = U(L) or H = U(L)*G
acts finitely. If A # 0 is an H-stable left ideal of R and RY C Z(R), then
ANRHE £0.

Proof: If H=U(L), then RY = R¥ and the result is a special case of Theorem
3.4. Therefore, we will assume that L} # 0 and H = U(L)+xG. T § € LoU L,
and a € R, then either §(c(a)) = o(8(a)) or é(c(a)) = —a(6(a)). Therefore if
a € RL, then o(a) € RE, hence ¢ acts on RE. By Theorem 3.4, AN RE # 0
and if 0 # b € AN RE, then b+ o(b) € AN RY¥. As a result, if o(b) # —b then
AN RHA #£ 0. However, if o(b) = —b then o(b?) = b*> € AN R¥. Since b is central,
we have b2 # 0, and hence AN RY £ 0. [ |

We now handle the important special case where R¥ is a field.

LEMMA 4.2: Let R be a semiprime algebra on which H = U(L) or H = U(L)*G
acts finitely of dimension N. If R* C Z(R) and if RY is a field, then R satisfies a
polynomial identity of degree at most 2[\/ﬁ ], where [\/N | is the greatest integer

in v'N.

Proof: When we let the smash product R#H act on the ring R, the
R+# H-submodules of R are the H-stable left ideals of R. Since all the elements
of R¥ are invertible in R, it follows by Lemma 4.1, that R is an irreducible left
R#H-module. If H = U(L) then clearly R¥ = RL. On the other hand, if
H = U(L)*G, we note that R” is a semiprime ring with fixed ring R¥ under the
action of G. Since R is a field and R” has no |G|-torsion, it follows that RE is
finite-dimensional over R¥. Thus regardless of whether H = U(L) or U(L) % G,
RT is a right Artinian ring. Therefore, by Theorem 3.3(ii), R is finitely generated
as a right RE-module, hence R is also finite-dimensional over R¥. Thus R has
finite Goldie rank as a left R-module. As a result, we can apply [BCF, Theorem
2.2] which says that if A is a left H-module algebra such that A#H acts irre-
ducibly on A, A has finite left Goldie rank, and H acts finitely of dimension N,
then the dimension of A as a left vector space over A¥ is at most N.

Therefore R has dimension at most N over the central subfield R¥ and it
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follows by basic facts on the polynomial identities of semiprime rings, that R
satisfies a standard identity of degree at most 2[v/N ]. |

We can now extend [BCF, Theorem 2.8] to the action of Lie superalgebras.
The proof below is written for Lie superalgebras, but it can easily be specialized
to Lie algebras by ignoring the presence of G and the automorphism o.

THEOREM 4.3: Let R be a prime K-algebra acted on by a finite-dimensional
nilpotent Lie superalgebra L such that if characteristic K = p then L is restricted
and if characteristic K = 0 then L acts on R as algebraic derivations and algebraic
superderivations. If RY is central, then R satisfies a polynomial identity.

Proof: The Hopf algebra U(L) x G acts finitely on R with R C Rl C Z(R).
Next we localize R at the nonzero elements of R¥ to obtain a new prime H-
module algebra S. If s € S¥, then s = ra~!, wherer € Rand a € R¥. If§ €
LoU Ly then 0 = §(s) = §(ra™1) = §(r)a~!, hence r € RL and so, S is central.
Furthermore, if s = ra~! € S¥ then ra™! = s = 0(s) = a(ra™1) = o(r)a~!.
Hence r € R and thus S¥ is the quotient field of R¥. As a result, we can apply
Lemma 4.2 to conclude that S satisfies a polynomial identity and thus R also

satisfies a polynomial identity. |

We now assume that L is a Lie algebra and we will extend the result in [BCF]
to semiprime rings. The key is to try to reduce to the case where R is a field
and then apply Lemma 4.2. In order to do this, we need to extend the action
of L to various other K-algebras. If @ is the symmetric Martindale quotient
ring of R, then the action of L always extends uniquely to . @ is semiprime
and its center C, known as the extended center of R, is von Neumann regular.
Furthermore, if a derivation of R is algebraic then its extension to @ satisfies the
same polynomial. Therefore the hypothesis that L acts finitely of dimension N
on R also extends to the action of L on Q. For the remainder of this section, we
will assume that L is a finite-dimensional nilpotent Lie algebra acting finitely on
the semiprime ring R with RY C Z(R).

LEMMA 4.4: QL C C.

Proof: Let ¢ € QF and let I be an essential ideal of R such that Iq,q/ C R.
It is clear that ILq C RE. It suffices to show that [I,g] = 0 and, to this end,
we note that 0 = [I,ILq] = IL[I,q]. Thus if we let J = {r € R: I'r = 0}, it
now suffices to show that J = 0. Since all the derivations of L are algebraic, it
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follows by [B1, Proposition 1.12] that all nonzero ideals of R contain a nonzero
L-stable ideal. If J # 0, then I N J # 0 and therefore I N J contains a nonzero
L-stable ideal of R. Thus, by Lemma 4.1, there exists a nonzero a € (I N J)L.
As a result, a® € I*J = 0. However, this is a contradiction as a is central in a

semiprime ring. 1

The center of any ring is invariant under all derivations of the ring. However,
this need not be the case for skew derivations. In fact, in Section 5 we will
see an example of a Lie superalgebra acting on a semiprime ring whose center
is not L-stable. We do not know if the results in this section can be extended
to the action of Lie superalgebras on semiprime rings. However, the remaining
arguments in this section do not apply to the action of Lie superalgebras, since
they require that C be L-stable.

LEMMA 4.5: QT is a von Neumann regular ring.

Proof: If a € QF, we need to find some b € QL such that a?b = a. Since C
is von Neumann regular, we know that there exists some ¢ € C with a%c = a.
We will use ¢ to construct an appropriate b € QF. Let e = ac, then €2 =
(ac)? = (a%c)c = ac = e. Thus e is a central idempotent in Q and as a result,
o(e) = 0, for all § € L. Therefore 0 = é(ac) = aé(c) and multiplying this
equation by e yields 0 = ad(c)e = ab(ce). However a = ae € Ce and so, a is
invertible in Ce. Therefore since 6(ce) € Ce, we have §(ce) = 0. Furthermore,

a*(ce) = (a’c)e = ae = a and thus b = ce is the desired element of QL. |

Since QT is central, if M is any maximal ideal of Q¥ then we can localize Q
at M to form the K-algebra Q. Note that the elements of @ which become
0 in Qps are precisely those which are annihilated by some element of QL — M.
Clearly, the action of L on Q) determines a unique action of L on Q.

LEMMA 4.6: (QY)m = (@m)~.

Proof: The inclusion (QX)p C (Qum)Y is clear. For the reverse inclusion, let
ga~' € (Qu)L. Thusfor all§ € L, 6(ga~"') = 0 in Q. Therefore if {61,---,6,}
is a basis for L, then for every ¢ < n there exists m; € QL — M such that
mié(g)e! = 0in Q. Let m = [T m;, then m € QX ~ M and for all § € L,
6(mq) = mé(g) = 0. As a result, mq € QL and ga=! = (mg)(ma)=! € (QL)u.
|
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In general, the localization of a semiprime ring at a maximal ideal of a central

subring need not be semiprime. However, in our specialized situation we have
LEMMA 4.7: Qs is semiprime.

Proof: Suppose a € Qpr such that aQpra = 0, it suffices to show that a = 0
in Qp. Then a = ga™!, for some ¢ € Q and a € QL' — M and ¢Qq = 0 in
Qum. If f € Anng(gQq), then (f9)Q(fq) = 0. Therefore, since @ is semiprime,
fq = 0, hence Annc(¢Qq) = Annc(g). In addition, @ is a complete C-module
[Kh, Lemma 1.6.14] and ¢Qgq is a closed additive subgroup of Q. Thus by [Kh,
Lemma 1.6.26], there exists some s € @ such that Annc(gsq) = Annc(gQq).
Since gsq = 0 in Q py, there exists an m € QX — M such that mgsq = 0. However,
Annc(gsq) = Annc(g), hence mg = 0. As a result, ¢ = 0 in Qs and so, a = 0
in Qu, thereby proving the result. |

We can now put the pieces together to prove the main results of this
section. We state the characteristic p and characteristic 0 cases separately, since

the conclusion in the characteristic 0 case will be much stronger.

THEOREM 4.8: Let R be a semiprime K -algebra acted on by a finite-dimensional
restricted nilpotent Lie algebra L, where K has characteristic p. If RL is central,
then R satisfies a polynomial identity of degree 2[/pdi™x L ].

Proof: We extend the action of L to Q and by Lemma 4.4, Q% C C. Therefore
Q embeds in [],, @, where the product is taken over the maximal ideals of QL.
Since R C @, it suffices to show that each Qs satisfies the standard identity of
degree 2[\/Fm ]. If M is any maximal ideal of Q, then L acts on Q. By
Lemmas 4.4 and 4.5, @~ is a von Neumann regular ring contained in C, therefore
[P, Lemma 18.1(i)] (Q%)n is a central subfield of Q. However by Lemma 4.6,
QYYMm = (QM)L, thus (Qa)F is now a central subfield of Q. By Lemma 4.7,
Qum is semiprime and we are therefore in a position to apply the special case
of Lemma 4.2, where H = U(L) and |G| = 1. As a result, Qp satisfies the
standard identity of degree 2[v/N ], where N = dimg u(L) = p%™x L, Thus R
also satisfies the standard identity of degree 2[/pdimx L |. |

All algebraic derivations of a semiprime ring R of characteristic 0 become inner
when extended to Q. As a result, studying the invariants of algebraic derivations
of semiprime rings in characteristic 0 reduces to studying centralizers of certain

subsets of Q. Thus we can now prove
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THEOREM 4.9: Let R be a semiprime K -algebra with characteristic K = 0 and
let L be a finite-dimensional nilpotent Lie algebra which acts on R as algebraic
derivations. If R" is central then R is commutative and the action of L on R is

trivial.

Proof: Since all derivations of L become inner in @, it suffices to show that Q
is commutative. Following the argument used in the proof of Theorem 4.8, Qs
satisfies a polynomial identity, for every maximal ideal M C QL. Therefore it now
suffices to show that @ is commutative. Qs is a semiprime ring satisfying a
polynomial identity whose center is a field. Therefore, as in the proof of Theorem
4.8, Qs is a central simple algebra. Tensoring by the algebraic closure of K, we
may assume that Qp = K;, the ¢ x ¢ matrices over K. Without loss, we may
identify L with its image in Endg{Qas). Therefore, by Lemmas 4.4 and 4.6,
it will be enough to show that L = 0. If L # 0 then, since L is nilpotent, it
follows that Z(L) # 0. In this case, let 0 # § € Z(L) and suppose the derivation
0 is induced by a € Qu. If d € L, then d is induced by some b € Qp and
[6,d] =0 in L. Since the derivation [6, d] is induced by [a,b] € Q s, we have that
[a,b] € Z(Qpr). Furthermore, since K has characteristic 0, no nonzero central
elements of K, can have trace equal to 0. However, [a,b] is a commutator in
Qur, hence it has trace 0 and so, {a,b] = 0. As a result a commutes with all the
elements of @ which induce derivations from L, hence a € (Qum)* C Z(Qu)-
Thus 6 = 0 in Endg(Qp), a contradiction. Therefore the action of L on Qs is
trivial, hence Qs is commutative and the proof is complete. |

In light of Theorem 4.9, it is reasonable to wonder if the conclusion of Theorem
4.8 can be strengthened to R being commutative. Similarly, it is reasonable to
wonder in the characteristic 0 case, if the conclusion of Theorem 4.3 can be
strengthened to R being commutative. However, in the next section we will see
examples showing that the conclusions of these theorems cannot be strengthened
to commutativity. In fact, we will see that the bound on the degree of the
polynomial identity in Theorem 4.8 is best possible.

5. Counterexamples

In this section we provide counterexamples to various questions which arise in
view of the results in Sections 2, 3, and 4. Let d be an algebraic derivation of a
semiprime ring R. In [GM] it is shown that if R is left Goldie then R(¥ is left
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Goldie, and in [G] it is shown that if R is left Artinian then R(? is left Artinian.
In the next example, we show that the analogous result does not hold for left
Noetherian rings.

Recall that when d is a skew derivation, d is a right R@-module map, but not
necessarily a left R(¥-module map. As a result, all of the theorems in Sections 2
and 3 are stated for right R(¥-modules. If R(@ is well behaved under the action
of the automorphism r which corresponds to d, then similar results also hold on
the left. In particular, if d is a derivation, then 7 = 1 and d is both a left and
right R(¥-module map. Therefore, if L is a Lie algebra, the results in Sections
2 and 3 are equally valid for left RE-modules. For convenience, the examples
in this section will sometimes be stated in terms of left RL-modules. However,
when L is a Lie algebra, these examples could easily be reworked in terms of
right RL-modules.

Example 5.1: A prime left Noetherian ring R of arbitrary characteristic with a
nilpotent derivation § such that R() is not left Noetherian.

Let A = K(to,t1,...) be the rational functions over the ground field X and
let 7 be the injective homomorphism of A such that 7(¢;) = t;1, for all i > 0.
Now let B be the skew polynomial ring A[z; 7] where za = 7(a)z, for all a € A,
and every element of B is of the form 5" a;z¢, a; € A. Next, let R = By, the
2 x 2 matrices over B. Since B is a left Noetherian domain, R is a prime left

Noetherian ring. Let § be the inner derivation of R defined as commutation by

the element (8 g) Clearly 62 = 0 and if (Z 2) € R® a direct calculation

shows that axr = zd and ¢ = 0. Thus if @ = Y a;2* and d = Y d;z’, where
ai,d; € A, it follows that 5" a;xt! = ax = zd = 2} diz* = Y 7(d:)=*!.
As a result, after extending 7 to all of B by mapping « to itself, we have a =
7(d) € 7(B) = k(t1,t2,...)[x;7]. Next, for every natural number 4, let V; =
7(B) + 7(B)to + --- + 7(B)to'. Each V; is a left 7(B)-submodule of B and

Vi C Viy1 as to*! € Vi1 = Vi. Now let T = (g ‘3), since (Z 3) € R®)

implies that a € 7(B), it follows that each T; is a left ideal of R®. Since
Ty C Tz CTs G -+ is an infinite ascending chain of left ideals of R®®), R(®) is not
left Noetherian. It is also interesting to note that R = R®eq; + R®ey,, hence
R is a finitely generated left R(®)-module. |

In light of Example 5.1, it would be interesting to know if R® must be left
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Noetherian when R is prime and both left and right Noetherian. The results
of [GM] and [G] mentioned above can be viewed as going-down results for the
action of 1-dimensional Lie algebras. However, in the next example we show that

these results cannot be extended even to 2-dimensional abelian Lie algebras.

Example 5.2: A simple Artinian ring R of arbitrary characteristic acted on by
a 2-dimensional abelian Lie algebra L of nilpotent derivations such that R* does
not have finite left Goldie rank as a left RX-module. In particular, RL is neither
left Artinian nor left Goldie.

Let D be any division ring containing an element z, such that D has infinite
dimension as a left vector space over A, the centralizer of z in D. Let {a;,as,...}
be elements of D which are left independent over A, hence Aa, ® Aay @ -+ is
an infinite direct sum of left A-submodules of D. Now let R = Dy, the 2 x 2

matrices over D, hence R is a simple Artinian ring. Next, let 6; and é; be the

inner derivations of R induced by (8 g) and (8 (1)) . Clearly 6; and 6 span

a 2-dimensional abelian Lie algebra L of derivations such that 6,2 =62 =0.
b

d € RL, then ar = zd, a = d, and ¢ = 0.

0 Aa,'
0 O

is a left ideal of RL. As aresult, Ty @ T, @ - - -, is an infinite direct sum of left
ideals of RL. Thus RY has infinite Goldie rank as a left RL-module and so, RL

is neither left Artinian nor left Goldie. [ |

As in the previous example, if ( ccz

Hence, a is an element of A. For every i > 1, let T; = ( ), then each T;

In the Bergman-Kharchenko example mentioned in Section 1, R is a matrix
ring over a noncommutative free algebra. It is reasonable to wonder if similar
examples hold for rings satisfying various chain conditions. In the next example,
we modify the Bergman-Kharchenko example so that R is a matrix ring over a
left Ore domain.

Example 5.3: A prime left Goldie ring R of arbitrary characteristic acted on
finitely by a solvable 3-dimensional Lie algebra L such that R contains an L-
stable ideal 7 # 0 with I N RE = 0.

We slightly modify the ring used in Example 5.1 as we let A = K[tg,%1,...]
be the commutative polynomial ring over the ground field K and let 7 be the
injective homomorphism of A such that 7(¢;) = 41, for all i > 0. Now let
B be the skew polynomial ring A[z; 7] where za = 7(a)z, for all a € A, and
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every element of B is of the form Zaixi, a; € A. Next, let R = By, the
2 x 2 matrices over B. Since B is a left Ore domain, R is a prime left Goldie
ring. Let L be spanned by the three inner derivations of R induced by f; =

0 z (0t (10 .
(O 0>,f2— (O 0),and fa= (0 0). As in the Bergman-Kharchenko

example, L is a solvable 3-dimensional Lie algebra such that in characteristic
p, L is restricted and in characteristic 0, L acts as algebraic derivations. Let

I be the ideal R(g 2), if (z 2) € I commutes with both f; and fs,

then, we have ax = zd, aty = tod, and ¢ = 0. Since ax = zd it follows, as
in Example 5.1, that if ¢ = Y a;2* and d = Y d;x, with a;,d; € A, then
Yzttt = azx = xd = Y dixt = Y 7(d;)x*t!. Thus a = 3 7(d;)z*. Since
aty = tod, we also have 5 t;7(d;)z’ = Y 7(d;)x'to = aty = tod = 3 tod;x’.
Thus for all i > 1, t;7(d;) = tod;. However this is impossible, unless d; = 0, since
the largest subscript of the ¢'s in t;7(d;) exceeds the largest subscript appearing
in tod;. As aresult, a = d = ¢ = 0. Finally, if (0 b) € I also commutes with

0 0
fa, then b= 0. Hence I N RL = 0. ]

The results in Section 3 on the finite generation of R as a RL-module all assume
that R satisfies a chain condition. In the next example, we show that if there
are no hypotheses on RE, then R need not be finitely generated over R” even if
R is prime and L is 1-dimensional.

Example 5.4: A prime ring R of arbitrary characteristic with a nilpotent
derivation 6 such that R is not finitely generated as a left R(®)-module.

Let A = K[z, y] be the free algebra in 2 noncommuting variables over the field
K and let R be the prime ring A, the 2 x 2 matrices over A. Let § be the inner

derivation induced by 0 z . As before, 6 = 0 and if e b € R® then
0 0 c d

az = zd and ¢ = 0. Letting B = K[z, y]z+ K it follows that d € B. B is a subring
of A and A is not finitely generated as a left B-module, for if {d;,ds,...,d,} C A
then Bd, + Bdy + - - - + Bd,, can only contain a finite number of y*. Now suppose

% %3 ¢ R fori <n. Thenif (¢ )€ ROr+ROry4.. 4RO, it
C; di g h

follows that h € Bd,+ Bds+- - -+ Bd,,. However, since Bd,+ Bdy+- - -+ Bd,, # A,
R is not finitely generated as a left R(®)-module. [ |

T, =

If R is a simple ring of characteristic 0 satisfying a polynomial identity, then all

central commutators must be zero. This fact was crucial in the proof of Theorem
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4.9, where we showed that R must be commutative. However, in the characteristic
p case a simple ring satisfying a polynomial identity can have elements a, b such
that ab — ba = 1. We use this fact to now show that Theorem 4.9 cannot be
extended to the characteristic p case.

Example 5.5: A simple ring R of characteristic p acted on by a 2-dimensional
restricted abelian Lie algebra L of nilpotent derivations such that RL is central,
but R is not commutative.

Let K be a field of characteristic p and let R be the simple ring K, the px p
matrices over K. Next let

01 0 O 0
0 0 1 0 0
a=
00 0 O 1
0 0 0 O 0
and
0 0 O 0 0
1 0 0 0 0
b=10 2 0 0 01,
0 0 0 ... p—1 0

and we let L be the Lie algebra spanned by the inner derivations induced by a
and b. It is easily checked that ab— ba = 1,a” = 0, and b? = 0, therefore L is a
2-dimensional restricted abelian Lie algebra consisting of derivations all of whose
pth power is 0. If T is the subalgebra of R generated by a and b, we claim that
T = R. To this end, we first note that ¢! and 57~ are nonzero scalar multiples
of the matrix units e;, and ep;. Thus e;; € T. In addition, b*~le;; and ej1a7~?
are nonzero scalar multiples of e;; and ey, for 2 < ¢, 5 < p. As aresult, T clearly
contains all the matrix units of R and so, T = R. However, R’ is the centralizer

in R of T, hence R’ is central even though R is not commutative. |

Not only does Example 5.5 show that R need not be commutative, but we can
now adapt Example 5.5 to show that the bound on the degree of the polynomial
identity in Theorem 4.8 is best possible.

Example 5.6: A simple ring S of characteristic p acted on by a 2n-dimensional
restricted abelian Lie algebra L of nilpotent derivations such that ST is central,
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but the smallest degree of a polynomial identity satisfied by S is 2[y/pdimx L |=
2p™.

Let R, a, and b be as in the previous example. For any n > 1, let § =
R®RQ®---® R, the tensor product of n copies of R, and then let L be the Lie
algebra of inner derivations of S induced by the 2n elements {¢®1®---®1, 1®
a®---01,...,191®---®a, b®1®---01, 10b®---01,...,1018® - @ b}.
It is now easy to see that S = Kpn, SL =~ K, and L is a restricted abelian 2n-
dimensional Lie algebra of nilpotent derivations. However, the smallest degree of

a polynomial identity satisfied by Ky~ is 2p™. |

In light of Theorem 4.9, it is reasonable to wonder when R is prime of charac-
teristic 0 and L is a Lie superalgebra, whether Theorem 4.3 can be generalized
to show that R is commutative. However, in the next example we show that this
is not the case.

Example 5.7: A simple ring R of characteristic 0 acted on by a 2-dimensional
abelian Lie superalgebra L of nilpotent superderivations such that RL is central,
but R is not commutative.

Let K be a field of characteristic 0 and let R be the simple ring K, the

2 x 2 matrices over K. Let o be the inner automorphism of order 2 of R in-

_01) and let 6; and 65 be the o-derivations of R defined as

bi(r) = ((1) _Ol)r—a )((1) —01) and 62(r) = (? é)r—a(r)((l) (1)),

(r
for all r € R. If @ 2 € R, then explicit formulas for o,6,, and 65 are

c
a b a b a b b—c a-d a b
U(C d)—(——c d)’61<c d)—<a—d b—c)’and&z(c d>_

duced by ((1]

b+c d—a . . 0 -1 01
a—d bic) Since the matrices 1 0 and (1 o) are negated by
o, it follows that ;0 = —0é; and 90 = —0ds. Furthermore, it is not hard to

check that 6,8, = —626; and 6;2 = 6% = 0. As a result, if L is spanned by
the o-derivations §; and 6, then L is a 2-dimensional abelian Lie superalgebra of
nilpotent superderivations with L = L;. It is also clear that R is central even
though R is not commutative. 1

In Section 4, we mentioned that when a Lie superalgebra L acts on a semiprime
ring R, the center of R need not be L-stable. We conclude this paper with such
an example.
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Example 5.8: A semiprime ring R of arbitrary characteristic acted on by a 1-
dimensional Lie superalgebra L spanned by a superderivation § with 2 = 0 such
that the center of R is not L-stable.

Let S be any semiprime algebra with an element a ¢ Z(S) such that a? € Z(S).
Next let R = S @ S; clearly R is also semiprime. Let o and é be defined as
o(z,y) = (y,z) and §(z,y) = (ax—ya, za—ay), for all (z,y) € R. It is clear that ¢
is an automorphism of R of order 2 and §6 = —gd. Furthermore, it can be checked
that § is a o-derivation of R such that 62 = 0. Hence § spans a 1-dimensional
Lie superalgebra L acting on R, where L = L,. Certainly (1,0) € Z(R), however
8(1,0) = (a,a) ¢ Z(R). Thus the center of R is not L-stable. L
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